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Abstract. Let X be any compact Kahler manifold deformation equivalent to the Hilbert 
scheme of length n subschemes on a _K'3 surface, n > 2. For each point a; £ X we construct 
a rank 2n — 2 reflexive coherent twisted sheaf E^c on X, locally free over X \ {x}, with the 
following properties. 

(1) Ex is oj-slope-stable with respect to some Kahler class uj on X. 

(2) Set := c/i(£^)exp (^^f^;^^)- It is well defined, even though ci(S^) and ch{Ex) 

are not. The characteristic class Ki{Ex) £ _ff'''(X, Q) is monodromy-invariant, up to 
sign. Furthermore, hii{Ex) can not be expressed in terms of classes of lower degree, if 
2<i< n/2. 

(3) The Beauville-Bogomolov class is equal to C2{TX) + 2n2{Ex)- 
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1. Introduction 

1.1. The main results. An irreducible holomorphic symplectic manifold is a simply con- 
nected compact Kahler manifold X, such that H^{X,Q,'^) is generated by an everywhere non- 
degenerate holomorphic two-form. An irreducible holomorphic symplectic manifold of real 
dimension 4n admits a Riemannian metric with holonomy Sp{n) jBe] , Such a metric is called 
hyperkdhler. 

Let S" be a smooth Kahler K3 surface and St"! the Hilbert scheme of length n zero dimensional 
subschemes of S. S^"^ is an irreducible holomorphic symplectic manifold [Bej . An irreducible 
holomorphic symplectic manifold X is said to be of K3^^^-type, if X is deformation equivalent 
to S"'"], for a K3 surface S. The moduli space of manifolds of -fCS'^^-type is 21-dimensional, 
if n > 2. In particular, a generic manifold of KS^^^-type is not the Hilbert scheme of any K3 
surface. 

Definition 1.1. Let X be an irreducible holomorphic symplectic manifold. An automorphism 
g of the cohomology ring H* {X, Z) is called a monodromy operator, if there exists a family 
X ^ B (which may depend on g) of irreducible holomorphic symplectic manifolds, having X 
as a fiber over a point bo £ B, and such that g belongs to the image of iti{B, bo) under the mon- 
odromy representation. The monodromy group AIon{X) of X is the subgroup of GL{H*{X, Z)) 
generated by all the monodromy operators. 

Parallel transport of a class a in H"^^ {S^^^ , Q) , which is Mon(S'["l )-invariant, defines a class 
ax in any X of i^s'^'-type. More generally, if spanQja} is a non-trivial Mo?7-(S'I"'l)-character, 
then we get a well defined unordered pair ±ax of a class and its negative. Such a class ax is 
of Hodge type {i,i), by Lemma [3^ 

We define in the proposition below certain classes Ki{X) in W''^{X, Q), for i an integer in the 
range 1 < i < "^^^^ and for any irreducible holomorphic symplectic manifold X of ii'3t"'l-type, 
n > 2. Given a coherent Ox-module E of rank r > 0, set 

k{E) := ch{E) U exp{-ci{E)/r), 

and let Ki{E) £ Q) be the summand of k{E) of degree 2i. Let £ be the ideal sheaf of the 

universal subscheme in S" x S^"'\ fi the projection from S x S"!"] onto the i-th factor, i = 1,2, 
and Iz the ideal sheaf of a length n subscheme Z C S. Let 

(1.1) Ez := £xt\{fl{Iz),£) 

be the relative extension sheaf over 5W. Ez is a torsion free reflexive sheaf of rank 2n — 2, 
which is locally free away from the point of S"'"] corresponding to the ideal sheaf Iz (Proposition 
WM- Set K,(SN) := Ki{Ez) G H^'iS^''^^). 

Proposition 1.2. (Proposition I3.il and Lemma \3.0^) . Let i he an integer in the range 2 <i < 
"^^^ ■ The class Ki{S^^^) is monodromy invariant, for even i. The pair {Kj(S't"l), — Kj(S't"'l)} is 
monodromy invariant, for odd i. Parallel transport of the pair {Ki(SW), _Ki(5W)} yields a well 



THE BEAUVILLE-BOGOMOLOV CLASS AS A CHARACTERISTIC CLASS 



3 



defined unordered pair {Ki{X), —Ki{X)} of classes of type {i,i) on any irreducible holomorphic 
symplectic manifold X of K3^'^^ -type, n>2. 

The class Ki{X) is non-trivial; it can not be expressed as a polynomial in classes of degree 
less than 2i, if i < ^ ( |Mal| . Lemma 10). In contrast, the odd Chern classes C2k+iiTX) vanish, 
since TX is a holomorphic symplectic vector bundle. 

Twisted coherent sheaves and their characteristic classes are reviewed in section [2j For the 
uninitiated reader it would suffice at this point to note that the data of a locally free twisted sheaf 
is equivalent to that of a projective bundle. Furthermore, the definition of the characteristic 
classes Ki{E) above may be extended to define characteristic classes of both twisted sheaves 
and projective bundles. 

Theorem 1.3. Let X be any irreducible holomorphic symplectic manifold of K 3^"'^ -type and i 
an integer in the range 2<i<n^. The class Ki{X) is a characteristic class of a (possibly 
twisted) reflexive coherent sheaf Ex of rank 2n — 2 on X, which is locally free away from a single 
point X of X. 

Theorem 11.31 is proven below after Theorem ll.6i The cohomology group Z), of an 

irreducible holomorphic symplectic manifold X, admits a canonical, symmetric, non-degenerate, 
and primitive bilinear pairing q S Sym^i/^(X, Z)* [Bej . Theorem 11.31 vields an expression of 
the Beauville-Bogomolov pairing in terms of characteristic classes, for X of -fCS'^l-type, n > 2, 
by the following Lemma. The inverse of g is a class in Sym'^/7^(X, Q), and we denote by q~^ 
its image in Q) as well. 

Lemma 1.4. The following equation holds in H^{X,Q), for any X of KS^""^ -type, n > 2. 

(1.2) g-i = C2{TX) + 2K2iX). 

The dimension of the subspac^ span{q~^ ,C2{TX), K2{X)} is 2, for n> A, and 1, for n = 2,3. 

The Lemma is proven in section [HI The main technical result of this paper is the following 
Theorem. Let n be an integer > 2. Set r := 2n — 2. Let 5" be a K3 surface admitting an ample 
line bundle H of degree 2r'^ + r, which is not the tensor power of another ample line-bundle of 
lower degree. Let A4. be the moduli space of Gieseker-Maruyama H-siable sheaves F of rank r 
with determinant line-bundle H and x{P) = 2r. Let 7r,j be the projection from Ad x S x Ai 
onto the product of the i-th and j-th factors. 

Theorem 1.5. There exists a K3 surface S with an ample line-bundle H of degree 2r^ + r as 
above, such that the moduli space M has the following properties. 

(1) Ai is smooth and projective of dimension 2n. 

(2) (Proposition |^.5| and Theorem \ 7.10^ There exists an untwisted universal sheaf £ over 
S X Ai. The relative extension sheaf 

(1.3) E := £xtl^.^{nl,£,7T*,,£) 

^ When n = 3, the relation 4g~^ = 3c2{TA4) holds as well. It follows from Chern numbers calculations, by 
comparing two formulas for the Euler characteristic x('S''"'' , L) of a line bundle L on 5*'"'. One as a binomial 

coefficient x{S ,L) ~ ( ^ ) lEGL] . the other provided by Hirzebruch-Riemann-Roch. 
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over Ai X Ad is reflexive, of rank 2n — 2, locally free away from the diagonal, and 
Om{^) ^ Om{^)- slope- stable, for sova^ ample line-bundle OMi^) over Ai. 

(3) (Proposition \4-^ Let i be an integer satisfying 4 < 2i < n + 2. If i is even, then the 
class Ki{E) in H*{A4 x A^,Q) is invariant under the diagonal action of Mon{Ai). If i 
is odd, then the pair {Ki{E), —Ki{E)} is Mon{M.) -invariant. 

(4) |Ylj Let F be a stable sheaf over S with isomorphism class [F] € 7W. The restric- 
tion of the sheaf E to {[F]} x A4 is isomorphic to the relative extension sheaf Ep := 
£xt^^{fiF,£) over M.. Furthermore, the pair {M.,Ep) is deformation equivalent to 

the pair {S^'^\Ez), given in equation In particular, K,i(Ep) is equal to the class 

Ki {Ai ) of Proposition \1.2l 

(5) ( Theorem \7.10\ ) The sheaf Ep in part^is Om{^)- slope- stable, for a generic such F. 

Part ([1]) of Theorem 11.51 follows from results of Mukai [Mul] and our choice of H in Theorem 
17.101 Fix an integer n>2 and a moduli space Ai as in Theorem 11.51 Associated to the Kahler 
class ci{Om{^)) is a twistor deformation A' — t- of 7W as an irreducible holomorphic symplectic 
manifold. A reflexive sheaf F over x 7W is said to be projectively-hyperholomorphic, if £nd{F) 
extends as a reflexive sheaf A of associative unital algebras over the fiber product X Xpi X, 
flat over P^, and A is locally isomorphic to the endomorphism algebra £nd{F) of a reflexive 
coherent sheaf (Definition 16. 6p . One can relax the notion of a coherent sheaf to that of a 
twisted coherent sheaf (Definition 12. ip . Then the extension A is is globally the sheaf £nd{F) 
of an extension of F to a twisted reflexive sheaf F over X Xpi X . The sheaf E in Theorem 
11.51 is projectively-hyperholomorphic, by the stability result in part ([2]) of Theorem 11.51 the 
monodromy-invariance result in part ([3]) of Theorem II. 5^ and a deep result of Verbitsky ( |Ve4] 
and Corollary 16.101 below) . We use Verbitsky 's theory of hyper holomorphic sheaves in order to 
deform the pair {Ai^E) to a pair {X,E'), for any irreducible holomorphic symplectic variety 
X of XSl^l-type. More precisely, we prove the following statement. 

Theorem 1.6. (Theorem \ 7.11\ ) Let X be an irreducible holomorphic symplectic manifold of 
K?y^^-type. There exist a reduced, connected, projective curve C of arithmetic genus 0, which 
may be reducible, a smooth and proper family X ^ C of irreducible holomorphic symplectic 
manifolds, a torsion-free reflexive coherent twisted sheaf Q of OxxcX-^^odules of rank 2n — 2, 
flat over C , and points s, t, in C , with the following properties. The fiber Xg of X over s is 
isomorphic to Ai, the restriction Gg of Q to Xg x Xg is isomorphic to the sheaf E in Theorem 
\1.5\ and the fiber Xt is isomorphic to X . 

A conjectural alternative approach to the construction of the deformation in the above The- 
orem, for X a sufficiently small deformation of A^, is sketched in |Ma5] . This alternative 
approach is more geometric, but leads only to local deformations. 

Proof. (Of Theorem II. Sp The pairs ±Ki{Ep) and ±Ki{Ai) are equal, by partlHof Theorem 11.51 
The pairs {Ai,E) and {X,Gt) are deformation equivalent, where Gt is the restriction of G to 
the fiber Xt x Xt = X x X over the point t of C in Theorem 11.61 Given a point x £ X, 
denote by Ex the restriction of Gt to {x} x X. The pairs {Ai, Ep) and {X,Ex) are then 
deformation equivalent. The characteristic class Hi{E) is defined in section [2] for any twisted 
sheaf E. Theorem 11.61 thus implies that the pair zizKi{Ex) is a parallel transport of the pair 



'More information about 0^(1) is provided in Theorem 17.101 
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±Ki{EF). We conclude that the pairs ±Ki{Ex) and ±Ki{X) are equal, by Proposition 11.21 This 
completes the proof of Theorem 11.31 □ 

The fact that the deformations of the sheaf E in Theorem 11.61 are twisted is a blessing, rather 
than a nuisance. It is key to the proof of its slope-stability. This is due to the following general 
result. 

Proposition 1.7. ( Proposition \ 7. 8{ ) Let {X,uj) be a compact Kdhler manifold, 9 € O^) 
a class of order r > 0, and E a reflexive, rank r, 9-twisted sheaf. Then £nd{E) is oj-slope 
polystable. 

1.2. Two applications. 

1.2.1. The Lefschetz standard conjecture. The Lefschetz standard conjecture is proven in [CM] 
for any projective irreducible holomorphic symplectic manifold X of -ftTSt^'-type. The proof uses 
the algebraic classes Ki {E) of the rank 2n — 2 twisted reflexive sheaf E over X x X constructed 
above in Theorem 11.61 As a consequence, two algebraic cycles on X are numerically equivalent, 
if and only if they represent the same class in H* (X, Q) . 

1.2.2. Non-commutative deformations of the derived category of K3 surfaces. Let S, M, and 
be as in Theorem 1 1.51 Let D^{S) be the bounded derived category of coherent sheaves on S. 

We expect that the hyperkahler deformations of M, which do not come from deformations of 
S, nevertheless correspond to "deformations" of D''{S) as follows. Consider the exact functor 
$f : D\S) ^ D\M) with the universal sheaf £ £ D\S x M) as its kernel. Set £r := <S^[2] 
and let : D^{Ai) — )• D^{S) be the exact functor with kernel Sr. Then is the right 
adjoint of [Mu4] . Set 

$ := o : D''{M) D\M). 

The kernel J- G D^{A4 x Ai), of the endo-functor is the convolution of £ and £ji. Let 
vTjj be the projection from Ai x S x Ai onto the product of the i-th and j-th factors. Then 

:= Rni:i (^u^R 'X' T^23^^ [2]- Hence, T fits in an exact triangle 1] — )■ — )• Oa — E, 

where E is given in equation ()1.3p and A C x is the diagonal. 

The sheaf E deforms to a twisted sheaf over the self product of every X of i^Sl^l-type, 
n := dim(A^)/2, by Theorem 11.61 The kernel J- of ^ similarly deforms to an object in the 
derived category of twisted sheaves over X x X |MSj . We get a deformation of the endo- 
functor <I> to endo-functors of bounded derived categories of twisted sheaves D^{X,9), where 
9 G {X , fj.2n-2) is a monodromy invariant class, up to sign, given in Lemma 17.21 

The functor <!>£■ and the endo-functor <I> are studied in a joint work with S. Mehrotra } MSj . 
It is shown that ^£ is faithful when Ai = S^"'^ and it is expected to be faithful for any Ai as 
above. Whenever is faithful, the category D^{S) can be reconstructed from the co- monad 
($,e,5), where e : $ — )• id is the co-unit for the adjoint pair (<!>£■, <I>£;^), : id — )■ ^g^^ o ^£ 
the unit, and 5 := ^eV^Sjt '■ ^ ^ the co-action. Associated to the co-monad {^,e,6) is 
the category C{^,e,5) of co-algebras for the co-monad ( [Mac] , section VI). The reconstruction 
of D^{S) is an application of the Bar-Beck Theorem ( [Mac) , section VI. 7, and |MSj ). which 
states that the natural functor D'^{S) — >• C{^,e,6) is an equivalence, when $£■ is faithful. We 
expect the co-monad structure ($,e,(5) to deform along every hyperkahler deformation of Ai, 
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including deformations along which the K3 surface S does not deform. Consequently, the 
category C($,e, 5) would deform along every hyperkahler deformation of Ai. 

1.3. Notation. Let f : X ^ Y he a proper morphism of complex manifolds or smooth quasi- 
projective varieties. We denote by /* the push-forward of coherent sheaves, as well as the 
Gysin homomorphism in singular cohomology, while f\ is the Gysin homomorphism in /C-theory 
(algebraic, holomorphic [OTTJ . or topological). We let KtopX be the Grothendieck K-ving of 
equivalence classes of formal sums of topological vector bundles over X. 

The pullback homomorphism is denoted by /* for coherent sheaves and in singular cohomol- 
ogy, while /' is the pull back in K-theory. Given a class a in H^'"^'^{X), we denote by the 
graded summand in H'^^{X). 

Given a Cech 2-cocycle of O^c on a complex variety X, we define the notion of a 0-twisted 
coherent sheaf in Definition 12.11 A (coherent) sheaf will always mean an untwisted (coherent) 
sheaf, unless we explicitly mention that it is twisted. 

2. Characteristic classes of projective bundles and twisted sheaves 

Let y be a topological space and y a class in the ring KtopY generated by classes of complex 
vector bundles over Y . Assume that the rank r of y is non-zero. Set 

(2.1) K{y) := c/i(y)Uexp(-ci(?/)/r), 

and let Ki{y) be the summand of n{y) in if^*(y, Q). In terms of the Chern roots yj, we have 
chi{E) = Yl)=i if' ci(-E) = Ej=iyii and 




The characteristic class k is multiplicative, K{yi (g) 2/2) = '^(yi) U ^(2/2), and k{[L\) = 1, for 
any line bundle L. Given a vector bundle E over y, the equality k{E) = k{E L) thus holds, 
for any line bundle L. Note the equalities 

Kiiy") = (-l)V,(y), 

i^{-y) = -i^{y)- 

2.1. Characteristic classes and Brauer classes of projective bundles. We define next 
the invariant k(P), for any holomorphic P'^~^-bundle, r > 1, over a complex variety Y, endowed 
with the analytic topology. The definition is clear, if P is the projectivization of a vector bundle 
E, since k{E) is independent of the choice of E. More generally, the Brauer class 

is the obstruction class to lifting P to a holomorphic vector bundle. The Brauer class 6(¥) is 
the image of the class [P] G Hl^{Y, PGLr), under the connecting homomorphism of the short 
exact sequence of sheaves 

0^0;.^ GLr{0) PGLriO) 0. 

Consider the dual bundle vr : P* — )• y. The pullback 7r*P has a tautological hyperplane subbun- 
dle, hence a divisor, hence a holomorphic line-bundle C'7r*p(l). The obstruction class 9{F) is 
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in the kernel of vr* : O^) Hl^i^* , OJ.) and the projective bundle 7r*P over P* is the 

projectivization of some vector bundle E. The class n{E) belongs to the image of the injective 
homomorphism vr* : H*{Y, Q) — t- H*{¥*, Q), since k{E) restricts as r to each fiber of vr. Defin^ 

(2.2) k(P) G H*{Y,Q) 

as the unique class satisfying vr*(«;(P)) = k{E). 

The class 6(F) is determined by a topological class, which we now define. Let fir be the group 
of r-th roots of unity. Denote the corresponding local system by /i^ as well, and let t : //^ — t- O* 
be the inclusion. Let 

(2.3) e : HUY,PGLr{0)) ^ H\Y,fir) 
be the connecting homomorphism of the short exact sequence 

0^ flr^ SLr{0) PGLr{0) ^ 0. 

Then the following equality clearly holds. 

(2.4) e{F) = 46i(P)]. 

When P is the projectivization of a vector bundle V over Y , the following equality holds 
([HSc], Lemma 2.5) 

(2.5) e{FV) = exp |^^^^^^ci(y)j . 
2.2. Twisted sheaves. 

Definition 2.1. Let F be a scheme or a complex analytic space, li := {Ua}aei a covering, 
open in the complex or etale topology, and 9 G Z'^{U,Oy) a Cech 2-cocycle. A 6-twisted 
sheaf consists of sheaves Ea of Oc/^ -modules over Ua, for all a G /, and isomorphisms ga/s '■ 
{E^)^^ ^ — {Ea)\^ ^ satisfying the conditions: 

(1) gaa = id, 

(2) 9al3 = g'pl, 

(3) gal39l3-y9-ya = ' id- 

The 0-twisted sheaf is coherent, if the E^ are. 

The abelian categories of 0-twisted and ^'-twisted coherent sheaves are equivalent, if the 
cocycles 9 and 9' represent the same cohomology class. The equivalence is not canonical, but 
the ambiguity is only up to tensorization by an untwisted line-bundle [Ca| . Thus, the classes 
Ki of a twisted sheaf, defined below, are preserved under the equivalences. We will often abuse 
terminology and refer to a 9-twisted sheaf, where is a class in H^^{Y,0^), meaning the 
equivalence class of 0-twisted sheaves, for different choices of Cech cocycles 9', representing the 
class 9. 

Remark 2.2. Observe that the determinant det{E), of a 0-twisted coherent torsion free sheaf 
E of rank r, is a 0^-twisted line-bundle. Thus, 9'^ is a coboundary. Consequently, the order of 
the class [9], of 9 in H'^^iY, Oy), divides the rank of every 0-twisted torsion free sheaf E. 

^ The construction has an analogue for topological complex P''~^-bundles. Note that the topological analogue 
of H^^{Y,Oy), for the sheaf of invertible continuous complex values functions, is isomorphic to H^{Y,Z), via 
the connecting homomorphism of the exponential sequence. 
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Assume y is a complex manifold. A projective W'''^ bundle P over Y corresponds to a rank 
r locally-free twisted coherent sheaf E, with twisting cocycle 9 in Z'^iU ^Oy), for some open 
covering U of Y . The 0-twisted sheaf E is unique, up to tensorization by a line-bundle. The 
characteristic class n{E) := k(P) can be generalized for twisted sheaves, which are not locally 
free, as we show next. 

Given 0j-twisted sheaves Ej, I < j < k, let TorJ {Ei, . . . ,Ek) be the i-th multi-Tor twisted 
sheaf. Over an open analytic subset U CY, where each sheaf Ej admits a locally free resolution 

(Vj) Ej, (Vj) ■■=Vj > Vi Vj', the sheaf TorJ{Ei, . . . , E^^) is the i-th homology 

of the complex (g)^^]^(Vi'). The sheaves Torf {Ei, . . . , E^) are independent of the choice of 
resolutions, hence they glue to a global twisted sheaf. If 6j = 9 and Ej = E, for all j, denote 
TorJ {El, . . . ,Ek) by TorJ {E, k) for short. 

Let us check that TorJ (E, k) is a ^'^-twisted sheaf. Fix coherent sheaves Ei, . . . , ^j+i; 
. . . , Ek over Uap-y and consider the endo-functor 

TorY{Ei,...,Ej_i,»,Ej+i,...,Ek) : Coh{Uai3^) — > Coh{Uai3'y) 

of the category of coherent sheaves. Given a homomorphism f : F ^ G oi coherent sheaves 
and a holomorphic function A we get the equality 

(2.6) TorfiEi, Ej^i, A/, Ej+i, ...,Ek) = \TorJ{Ei, /, E,+i, ...,Ek) 

of homomorphisms from TorJ [Ei, . . . , Ej^i,F, -Ej+i, . . . , Ek) to TorJ {Ei, . . . , Ej^i, G, -Ej+i, . . . , 
We get the following equality of endomorphisms of the sheaf TorJ {Ed. , k). 

TorJ {gai3,k)oTor( {gp^,k)oTorJ {g^a,k) = TorJ {g^^gp^g^a^k) = Tori {9af3y-id,k) = 9'^pY'^d, 

where the last equality follows from equation (|2.6p . 

Let 9 G Z'^{U, Oy) be a two cocycle and E := [Ea^gap) a 0-twisted torsion free sheaf of rank 
r > 0. The sheaves 

TorJ{E,r)(^d<ii{E)-^ 
are 0^-twisted, so untwisted coherent sheaves. Let 

Sqrtr{x) := r H — -{x — r^) + . . . 

be the Taylor series of the branch of the r-th root function centered at r^. Set 

(dim(y) \ 
J2 {-iych[TorY{E,r)^det{E)-^] . 

If E is untwisted, then the class 1)* [TorJ {E,r)'j in the iC-group of Y represents 

the same class as that of the r-th power of the class of E. In that case the class given in equation 
(j2.7p is equal to ch{E) exp{—ci{E)/r), since ch : KtopY — )• H*(Y,(Q) is a ring homomorphism. 

Note: The Chern character ch{F) of a 0-twisted sheaf, with a topologically trivial class 9, was 
defined in [HStJ, depending on a choice of a lift of to a class in H'^{Y,Q). Another definition 
is provided in [Ll] . 
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2.3. Sheaves of Azumaya algebras and their characteristic classes. 

Definition 2.3. A reflexive sheaf of Azumay^ Ox-alge-hras of rank r over a Kahler manifold 
A is a sheaf E of reflexive coherent Ox-modules, with a global section 1e, and an associative 
multiplication m : E ® E ^ E with identity 1^;, admitting an open covering {Ua} of A, and 
an isomorphism rja '■ E\^ — t- £nd{Fa) of unital associative algebras, for some reflexive sheaf Fa 
of rank r, over each Ua- 

From now on the term a sheaf of Azumaya algebras will mean a reflexive sheaf of Azumaya 
Ox-algebras. Fix a closed analytic subset Z C A, of codimension > 3, and set U := X \ Z. A 
reflexive sheaf of Azumaya Ox-algebras is determined by its restriction to U. Hence, the set of 
isomorphism classes of reflexive Azumaya Ox -algebras E of rank r, which are locally free over 
U, is in natural bijection with HI^^^U, PGL{r)) [Mi\. Similarly, Hl^{U, PGL{r)) parametrizes 
equivalence classes of coherent reflexive twisted Ox-modules, which are locally free over U. We 
get a natural identification, of the set of isomorphism classes of reflexive sheaves of Azumaya 
Ox-algebras, with the set of equivalence classes of coherent refiexive twisted Ox-modules. 

Let S be a refiexive sheaf of Azumaya Ox-algebras, m its multiplication, and F a refiexive 
coherent twisted sheaf representing the equivalence class of {E,m). We set 

K{E,m) := k{F). 

Caution 2.4. Note that k{E, m) is not equal to the class k{E) of the rank coherent sheaf E. 

3. The rational Hodge classes Ki(A) 

Let S be a projective K?, surface and v G KtopS a primitive class of rank > with ci{v) 
of type (1, 1). Assume that (f, > 2. There is a system of hyperplanes in the ample cone of 

called ?;-walls, that is countable but locally finite [HLj . Ch. 4C. An ample class is called 
v-generic, if it does not belong to any v-wall. Choose a t;-generic ample class H. Then the 
moduli space Ainiv) is a projective irreducible holomorphic symplectic manifold, deformation 
equivalent to S^'^\ with n = 1 + This result is due to several people, including Huybrechts, 
Mukai, O'Grady, and Yoshioka. It can be found in its final form in ^Ylj . 

Let /i and /2 be the projections on the first and second factors of 5 x Aini^)- Assume 
further that a universal sheaf £ exists over S x M.jj(v). Let e : Kt^pS — )• Ktop-Mniv) be the 
homomorphism given by 

(3.1) e, := /2, 

The class Cx has rank {v,x), in terms of the Mukai pairing 

(3.2) ix,y) := -x{x'®v), 

for X, y G KtopS. Let be the sublattice of KtopS orthogonal to v. 

Mukai defines a weight 2 Hodge structure on KtopS ®i C as follows. The (2, 0) summand is 
the pull-back of H'^'^{S), via the Chern character isomorphism ch : KtopS — )• H*{S, Z), and the 



Caution; The standard definition of a sheaf of Azumaya Ox-algebras assumes that _E is a locaUy free Ox- 
module, while we assume only that it is reflexive. 
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pullback of H^{S,Z) and H'^{S,Z) are both of Hodge-type (1, 1). Recall that H^{Mh{v),Z) is 
endowed with the Beauville-Bogomolov pairing. The homomorphism 

(3.3) H^{Mh(.v),Z), 

X H> ci{ex), 

is an isometry and an isomorphism of weight 2 Hodge structures [Yl]. 

The Mukai vector of a class v G KtopS is the class ch{v)\/tds £ H*{S^'L). Following Mukai, 
we write the Mukai vector of v as a triple (r, ci(u),s), where the rank r corresponds to the 
summand in H^(S,Z,), while the summand in Z) corresponds to the integer s times the 

class Poincare-dual to a point. The Hirzebruch-Riemann-Roch Theorem yields the equality 

{v, v) = ci(f )^ — 2rs. 

Proposition 3.1. The class K{ev) is invariant under a finite-index subgrou;^ of Mon{AiH{v)). 
Let i be an integer satisfying 4 < 2i < n + 2. Ifi is even, then Ki{ey) is Mon[MH{v)) -invariant. 
If i is odd, then the line spanQ{Ki{e-u)} in H'^^{AiH{v),Q) is Mon{A4H{v)) -invariant. 

The proposition is proven in section [5] using results of |Ma2l lMa4] . Proposition 13.11 yields a 
monodromy-invariant pair of a class and its negative, denoted by 

(3.4) ±Ki{X), 

for any irreducible holomorphic symplectic manifold X of i^3["'l-type, n > 2, and for 4 < 2z < 
n + 2. The class Ki{X) is of type (i, i), by Lemma 13.21 Let X'^ be the d-th cartesian product of 
X. 

Lemma 3.2. Let a E H^^{X'^,C) be a class, which is invariant under the diagonal action of a 
finite-index subgroup of Mon{X). Then a is of Hodge type {i,i). 

Proof. The case d = 1 oi the statement is proven in [Ma4j . Proposition 3.8 part 3. We sketch 
the proof for the convenience of the reader. We endow Mon{X) with the Zariski topology 
induced by GL{H* (X,C)). The Lie algebra g of the identity component of the Zariski clo- 
sure of Mon{X) in GL[H*{X,C)] is equal to a faithful representation of so(23) on H*(X,C), 
constructed by Verbitsky |Velt ILLj . The equality of these Lie algebras is proven in |Ma2j . 
Lemma 4.11. Verbitsky proved that the semi-simple endomorphism h of H*{X,C), which acts 
on H^''^{X) by ^/—l{p — q), is an element of the image of so(23), and is hence tangent to the 
identity component of the Zariski closure of Mon{X). The latter component is also the identity 
component of the Zariski closure of any finite-index subgroup of Mon{X), and in particular 
of the subgroup leaving the class a invariant. Hence, a belongs to the kernel of S{h), where 
6 : Q ^ gl[H*{X'^,C)] is the diagonal representation. Now 6{h) = ^i^iidxi-i ® /i ^ idxd-i, 
which is the Hodge operator of H*{X'^, C). Hence, a is of Hodge type (i, i). □ 

Recall that the first main goal of this note is to express the Hodge-classes Hi{X) as charac- 
teristic classes of sheaves on X (Theorem [L3|). The generic such X does not contain any proper 
closed positive-dimensional analytic subvariety |Ve2| . 



Conjecturally, any monodromy operator takes K{ev) to itself or its dual K,{{ev)^). The conjecture is proven 
in [Ma4] Corollary 1.6, if n is congruent to or 1 modulo 4 
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3.1. Relation of Theorem 11.31 with the Hodge conjecture. Let X be a compact Kahler 
manifold. Denote by Hodge{X) the Q-subalgebra of H*{X, Q), generated rational (p,p)-classes, 
and let Chern{X) be the Q-subalgebra of Hodge{X) generated by Chern classes of coherent 
sheaves on X. The classes Ki{E), of a 0-twisted torsion free sheaf on X, all belong to Chern{X), 
by equation (12. 7p . 

When X is a projective variety, the Hodge Conjecture predicts the equality Chern{X) = 
Hodge{X). The extension of the Hodge Conjecture to Kahler manifolds fails; Voisin proved 
that there exist four-dimensional complex tori X, for which Chern{X) ^ Hodge{X) [Voj . 

4. MONODROMY INVARIANT CLASSES OVER X X X 

In section l4?T] we construct a reflexive sheaf over Mh{v)^.M.h{v)-, singular along the diagonal, 
which is, roughly, the canonical representative of a relative version of the class e^. We resolve 
this sheaf as a locally free sheaf over the blow-up of the diagonal in M.h{v) x -Mniv), in 
sections ST] and [Ol 

4.1. Monodromy invariant classes Hi{F) over M.{v) x M.{v). Set M. := M.h{v). Assume 
that a universal sheaf £ exists over S x (This assumption will be dropped later). A choice 
of a stable sheaf E va. Ai yields a lift of the class e^, given in (j3.ip . to a class in the bounded 
derived category of coherent sheaves Z)^^^(A^). Avoiding such a choice, we construct instead 
a natural class over x A^. 

Let TTjj be the projection from M x S x Ai onto the product of the i-th and j'-th factors. 
Consider the following object in the bounded derived category of coherent sheaves over AixAi: 

(4.1) := R, 

Let le M ^ Mx M, be the embedding sending a point [£"] G to {E, E'). Then le relates 
the class of F in Ktop{M. x A^) to e„: 

Lemma 4.1. e^, = '^Igi-^]- 

Proof. Denote hy le '■ S x M ^ M x S x M the morphism given by {x, E') ^ {E, x, E'). The 
Cohomology and Base Change Theorem yields the second equality below: 

4[--^] = 4^13, (TTia-f ^ = /2, 4(^12"^^ ®T^2'i^) = /2,(/i^^ ® £) = -e^. □ 

Proposition 4.2. The class k{F) in H*{A4 x A^,Q) is invariant under the diagonal action of 
a finite-index subgroup of Mon{Ai). Let i be an integer satisfying 4 <2i <n + 2. If i is even, 
then Ki{J-) is Mon{JV[) -invariant. If i is odd, then the line span,^{Ki{F)^ in H'^^{Jv[ x A^,Q) 
is M on (Ai)- invariant. 

The proposition is proven in section [5] using results of [Ma2l IMa4| . Compare also with 
Theorem 14.41 below. 

Lemma 4.3. ci{F) = — 7r*ci(e^) + 7r2Ci(et,). 

The lemma is proven in section [3 When v is the class of the ideal sheaf of a length n 
subscheme, and £ is the universal ideal sheaf, then ci{ey) is half the class of the big diagonal 
in 5^ ([Mill, Lemma 5.9). 



vr 



12 



£' 



23 



£ 



[!]• 
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The object T fits in an exact triangle 

Furthermore, <Sxt^^g (vrjj'gi?, 7r23<S) is isomorphic to the structure sheaf Oa of the diagonal A C 
\M. X while <Sxt^^g(7rf2<?, vr23<£') is a reflexive sheaf of rank and is locally free away 

from A (Proposition I4.5( ). The object J- plays a central role in the study of the cohomology of 
the moduli space ^A. It was used by Mukai to prove that if M. is 2-dimensional then it is a 
K'i surface [ Mu2| . In the higher dimensional case properties of T lead to a simple proof of the 
irreducibility of M. [KLSj . originally proven by a degeneration argument; via a combined effort 
of several authors f fO^ . [YT] Theorem 8.1, and [Y2] Corollary 3.15). 

Theorem 4.4. (1) /" [Mai] , Theorem 1) The Chern classes of J- satisfy: C2n-i{J~) = 0, and 
C2n{^) is Poincare-Dual to the class [A] of the diagonal. Hence, C2n ('^^^ii3(^i2'^i ^23"^)) 
is Poincare-Dual to (1 — (2n — 1)!)[A]. 
(2) f |Ma3] ■ Theorem 1) Consequently, the Chern classes Ci{ex), of the Kiinneth factors 
Cx G KtopM, X G KtopS, of £, given in \3. generate the integral cohomology ring 
H*{M,Z). 

Generators for the cohomology ring, with rational coefficients, were found in |LQW[ iMalj . 
The ring structure was determined in |LS| . 

Let (3 : B ^ [M X M] be the blow-up of M x M along A, D := P(rA) the exceptional 
divisor, l : D ^ B the closed immersion, 5 : A ^ M x Ai the diagonal embedding, p : D ^ A 
the bundle map, £ the tautological line-sub-bundle of p*TA, and i'^ the symplectic-orthogonal 
subbundle of p*TA. Let r be the involution of x Ai, interchanging the two factors, and f 
the induced involution of B. Note that t*{F) = F"^ , by Grothendieck-Serre's Duality, and the 
triviality of the relative canonical line-bundle uj-,^^^. 

Proposition 4.5. (1) The sheaf E := i^xt^^^ (vrjj'ji?, vr23<?) reflexive of rank {v,v). 

(2) E restricts to [Ai x Ai] \A as a locally free sheaf. We have the following isomorphism: 



(4.2) 5*E ^ (a T*M ] /Om ■ 



<) 

where a is the symplectic form. For i > 0, we have 

(4.3) Torf^''^{E,6,OM) = 5,"1^T*M. 

(3) The quotient 

(4.4) V := [p*£xtl^.^{7:l^£,7:l^£)]{D)/tor, 

by the torsion subsheaf, is a locally free sheaf of rank {v,v) over B. 

(4) f3,{V) ^ £xtlj7Tl^£,7T*,£) and i?^^(y) = 0, for i > 0. 

(5) f*V is isomorphic to V*. 

(6) The restriction Vj^ is naturally identified with the sub-quotient 

(4.5) [i^/i]. 

In particular, V^^ is a symplectic vector bundle. 
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4.2. Proof of Proposition 14. 5L The following lemma will be used in the proof of Proposition 
1431 

Lemma 4.6. The following natural homomorphism is surjective: 

(4.6) p*p, ([i^/£] r) ^ [£^/£] r . 

Proof. We identify each of the vector bundles TA and [('^/£] with its dual, via the symplectic 
forms. We have the short exact sequence 

^ [£^/e] r ^ \p*T*A/i] ®t ^ o. 

p* {[i-^/i] ®^*) = ker [p^{{p*T*A(g) t}/0) which is naturally isomorphic to the 

2 

quotient [A T*A]/0, by the line-sub-bundle spanned by the symplectic form. The homomor- 

2 

phism (|4.6p is dual to the wedge product /(] ® — ^ P*{[^ TA]/0), which is clearly 
injective. □ 

The proof of Proposition 14.51 requires a review of the following construction carried out in 
[Malj . There exists a (non-canonical) complex 

(4.7) y_i ^ ^ Vi, 

of locally free sheaves over Mx representing the object J- |Lan| . The sheaf homomorphism 
g is injective, since £xt%_^^{-K\2^->'^2?,^) vanishes. The middle cohomology sheaf ker(/)//m(5f) is 
isomorphic to £xt\^.^{'i:\2£ ■,'^23^)-: ^"^^ coker(/) is isomorphic to <5xt^^g(7r|2<?, vr23<S), and hence 
also to 5tfO^. Furthermore, the dual complex represents the pullback t*{F) of the object F. 
In particular, coker(5'*) is also isomorphic to 5^0^. 

Claim 4.7. 

(4.8) £xt\lia{f),OMxM) = 0, 

(4.9) ker(/)* ^ coker(/*), 

(4.10) ker(5*)* ^ coker(5). 

Proof. Consider the long exact sequence of extension sheaves, obtained by applying T-lom{», 0_mxm] 
to the short exact sequence 

^ Im(/) ^ Vi ^ Oa ^ 0. 

£xf{Vi,OMxM) = 0, for i > 0, and £xf{OA, Omxm) = 0, for < i < dim(A^) = 2n, by the 
Local Duality Theorem. The vanishing (]4.8p follows. 
Applying T-lom{»,OMxM) to the short exact sequence 

^ ker(/) ^ ^0 ^ Im(/) ^ 0, 

we get the short exact sequence 

^ A Vo* ker(/)* ^ 0, 



by the vanishing (|4.8p . Equation (j4.9p follows. 

Equation (|4.10p is the analogue of Equation (|4.9p for the dual of the complex (I4.7P . □ 
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Let K be the kernel of : (^-i)|^ (^o)\a ^ image of /|^ : (Vo)|^ — )• (Vi)|^. 
Then K and {Vi)\^/F are both isomorphic to Oa- Let U-i be the subsheaf of {(3*V-^i){D), 
whose sections restrict to D as sections of We get the short exact sequence: 

(4.11) ^ ^ U-i ^ mp*K)]{D) ^ 0. 

Define Ui C /3*Vi as the subsheaf, whose sections restrict to D as sections of L^:{p*F). It fits in 
the short exact sequence: 

(4.12) O^Ui^ P*Vi i*(p*coker(/)) ^ 0. 
We get the complex of vector bundles over B 

where both / and g* are surjective. Both U-i and Ui are locally free Os-modules. Set 

(4.13) V := ker{f)/Im{g) 

(we no longer regard (|4.4p as a definition, but rather as an equality, to be proven below). Then 
V is locally free as well. 

Claim 4.8. (1) f3^{U^i) ^ V^i, and -R^,(C/-i) = 0, for i > 0. 

(2) /3*([/i) ^ Im{f), and R^^^{Ui) = 0, for i > 0. 

(3) /3.(ker(/)) ^ ker(/), and i?^,(ker(/)) = 0, for i > 0. 

Proof. [T|) The higher direct images Rp^{0£){D)) vanish, for i > 0. This vanishing implies Part 
[H using the long exact sequence of higher direct images via (3, associated to the short exact 
sequence ()4.1ip . 

[2]) The push- forward p^,Od is isomorphic to Oa, and all the higher direct images vanish. 
Part [2] follows from the long exact sequence of higher direct images via /3, associated to the 
short exact sequence (14.12p . 

Part [3] follows part [2] using the long exact sequence of higher direct images via /3, associated 
to the short exact sequence 

^ ker(/) ^ n ^Ui^O. 

□ 

Proof of Proposition \4-5\ 
Partd]) Applying 'Hom{»,OMxM) fo the short exact sequence 

^ Sxtlj7rl^£,n*^^S) ^ coker(5) ^ Im(/) ^ 0, 

we get the short exact sequence 

by the vanishing ()4.8p and equation (|4.10p . Hence, [£xtl._^^{7rl2£,'^23^)]* the middle sheaf 
cohomology of the complex dual to (|4.7p . The dual complex represents the object t*T, in 
the derived category, so the middle sheaf cohomology is the pullback T*£xt]^^^{Trl2^ ^'^23^)- 
Reflexivity now follows, by applying the above argument to the dual complex, since = id. 
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Part m follows from Claim 14.81 and the long exact sequence of higher direct images via /3, 
associated to the short exact sequence 

^ 4 ker(/) ^ V ^ 0. 

Part |6]) Let Z be the total space of the vector bundle Hom(y_i, Vq), h : Z ^ X x X the 
projection, g' : h*V^i — )• /i*Vo the tautological homomorphism, Z\ d Z the determinantal 
stratum, where the rank of g' is rank(y_i) — 1, and g : X x X ^ Z the section given in 
(j4.7p . Z\ is a smooth locally closed subvariety, whose normal bundle Nz^ is isomorphic to 

Hom y&si{g\ ),coker((7f ) ) |ACGHI . The diagonal A is the scheme theoretic inverse image 

g^^(Z\). Hence, the homomorphism 

dg : N/^ — > g*Nz^ = Hom (ker(5(|^), coker(5-|^)) 

is injective at every fiber of N^. A is also the degeneracy locus of the homomorphism / given 
in (14. 7p . and f o g = 0. Thus, the image of dg is contained in Hom (ker(5f|^),ker(/|^)/Im(5f|^)). 
Now, ker((7|^) = Oa and ker(/|^)/Im(5'|^) is isomorphic to TA, by the well known identification 
of TAi with the relative extension sheaf £xt^^^{£,£). We conclude that dg factors through a 
homomorphism 

dg : Na — > TA, 

which is fiber-wise injective, and hence an isomorphism. 

Over B we have the tautological line-sub-bundle r/ : Od{D) p*Nj\ and the homomor- 
phism d{P*g) is the composition p*{dg) o rj. It follows that the image of d{j3*g) is ^ C TA, by 
the definition of £. On the other hand, the image of d{(3*g) is precisely 

Hom (p*ker(5f|^),Im(^|^)/Im(/3*5|^)) . 

These two descriptions of the image of d{/3*g) provide a canonical isomorphism £ = Im{g^^) /lm{/3* g^^) . 
We see that Vj^ is a sub-bundle of \p*TA]/£. 

Repeating the above argument, for the dual of the complex (14. 7p and for the homomorphism 
/*, we get that ) is a subspace of [p*TA]/£ as well (under the identification TA = T*A, 

via the symplectic structure). Hence, is isomorphic to £-^/i. 

Part [3]) The direct image vanishes, by part [6] and the vanishing oi p^[£^ /£]. Hence, 

I3^[V{—D)] is isomorphic to (3^V. The natural homomorphism (3* I3^:[V {— D)] — )• V{—D) is 
surjective, by part [6] and Lemma 14. 6[ Part [3] follows from part [H since the kernel of the 
homomorphism f3* f3^:[V {— D)] — t- V{—D) is supported on D, and is hence the torsion subsheaf 
of/3*l3,[Vi-D)]. 

Part [5|) If we repeat the construction of the vector bundle (|4.13p . using the dual of the 
complex (|4.7p . we obtain the vector bundle V* , by a direct check. On the other hand, the dual 
complex represents t*J^, and the proof of the equality of the sheaves (|4.4p and (j4.13p yields the 
isomorphism 

V* - /3* [t* {£xtlj7rl,£,7r*,£)}] {D)/tor. 

The statement now follows from the equality /3*r* = f*f3* . 
Part [2]) Consider the exact triangle 

E ^ [V-i^Vo^Vi] A Oa[-1] ^ ^[1]. 
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Restriction to A yields the long exact sequence 



H 


Tor^'^^iOA.. 


.Oa) ^ 


Oa H 


Tor^''^{OA: 




TA ^ 


Tor^^'^iOA: 


.Oa) ^ 


Oa ^ 


Oa^Oa^ 


0. 



Tor^''^{E,OA) ^ 
E®Oa ^ 

^ _ 

Note that rorf'-^(C'A, Oa) is isomorphic to A r*A. Clearly, J_ i is an isomorphism, for 
i > 2. The isomorphism in Equation (14. 3p follows. The homomorphism 6o is surjective, hence 
an isomorphism. Thus ao = and 5o is surjective. 

The isomorphism (14. 2p would follow, once we prove that 6_i is injective. The proof is by 
contradiction. Assume that 6_i vanishes. Then 5q is injective and 6Q{a) is a non-zero global 
section of H^{E®Oa)- Let tor{fi*E) be the torsion subsheaf of /3*S. The endo-functor Rp^Lp- 
of D^{M X A^) is the identity. Hence, P*{tor{^*E)) = 0, since is torsion free, by partlH In 
particular, H°{tor{(3*E)) = 0. Now [(3*E/tor{l3*E)]\^ ^ e^/i, by part El and H^{e^/i) = 0. 
Thus, H^{D, [(3*E]i^) = 0. Consequently, H°{E (g) Oa) = 0. A contradiction. This completes 
the proof of Proposition 14.51 □ 



4.3. Lifting deformations of a moduli space Ai to deformation of the pair {Ai,£). 
Let S' be another projective K3 surface, v' G KtopS' a primitive class satisfying {v\ v') = 2n — 2, 
n > 2, and H' a f '-generic ample line bundle H' . Assume that M' := Mn'iv') is non-empty. 
Yoshioka proved that the moduli space Ai' is an irreducible holomorphic symplectic variety, 
deformation equivalent to S^"'^ |Ylj . His proof implies the existence of a sequence of families 
of XS-surfaces St ^ Ti, 1 < i < N , over quasi-projective curves Tj, with smooth and proper 
relative families of such moduli spaces A^^./y. having the following properties. There exist 
points t[ G Ti and t'l^^ G ^j+i; and an isomorphism (pi from the fiber Aitr onto the fiber Ait"^-^- 
Finally, Mt'^ = Mh'W), and TW^^ = 5N. 

The isomorphism (pi comes in two flavors. One is induced by a Fourier- Mukai transformations 
between the derived categories of S'j' and •S'^"^^ mapping stable sheaves to stable sheaves. Such 
Fourier-Mukai transformations relate a twisted universal sheaf over S^/. x A^j/ to one over 
St'l X Mt'i ([Mu3], Theorem 1.6). 

The second flavor is induced by the composition, of a Fourier-Mukai transformation, with 
the functor, which takes an object or a morphism, in the derived category, to its dual. The 
composite functor relates a twisted universal sheaf over S^i, x A^^/ to the dual of one over 
Sfit X Mf" . 

The following Lemma thus follows from Yoshioka's work. It will play a central role in section 
m Let £ be the twisted sheaf over A4 x A^ in Proposition 14. 51 and £' its analogue over A4' x A4' . 
Note that 8nd{£) and £nd{£*) are isomorphic reflexive coherent sheaves, but they are not 
isomorphic as reflexive sheaves of Azumaya algebras. 

Lemma 4.9. The pair {Ai' ,{£nd{£' ),£nd{{£ ')*)}) deforms to the pair {Ai, {£nd{£) , £nd{£*)}) . 
The structures of Azumaya algebras deform as well. 
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5. Proof of the monodromy invariance of Ki{X) and Ki{T) 

We prove Propositions 13. 1 1 and 14.21 and Lemma [4.3| after reviewing the necessary facts about 
the monodromy group of ^N. 

Let 5 be a K3 surface, v £ KtopS a primitive class with ci{v) of type (1, 1), and H a v- 
generic Hne bundle. Assume that Ainiv) is non-empty (in particular, rank(f) > 0, {v,v) > —2, 
etc . . . ). Then Adniv) is a projective irreducible holomorphic symplectic manifold of K3^'^'^- 
type, with 2n = {v,v) + 2. Assume that {v,v) > 2. Then H'^{M-h{v),'^), endowed with the 
Beauville-Bogomolov pairing, is Hodge isometric to v-^ C KtopS, via Mukai's isometry ()3.3p . 

We define next the orientation character of 0{KtopS). A 4-dimensional subspace V of 
KtopS ®z ]R is positive definite, if the Mukai pairing restricts to ^ as a positive-definite pairing. 
The positive cone C+ C KtopS ®z given by 

C+ := {x : (x, x) > 0}, 

is homotopic to the unit 3-sphere in any 4-dimensional positive definite subspace ( |Ma6] . Lemma 
4.1). Hence H'^{Cj^,'L) is isomorphic to Z and is a natural character 

cov : 0{KtopS) {±1} 

of the isometry group. Let {KtopS) be the kernel of cov. 

Denote by 0{KtapS)v the subgroup of isometries of KtopS, stabilizing v. Let g be any 
isometry in 0{KtapS)y. It is not assumed to preserve the Hodge structure. Denote by 

{g(^l) : KtopS ® KtopM{v) — > KtopS ® KtopM{v) 

the homomorphism acting via the identity on the second factor. The Kiinneth Theorem iden- 
tifies KtopS KtopM{v) with Ktop[S x M{v)] ([S], Corollary 2.7.15). Assume that a universal 
sheaf £y exists over S^Aiiv) and let [Ey] be its class in Ktop{S xM.{v)\. Let D : KtopS KtopS 
be the involution, sending a class x to its dual x'^ . Set m := {v, v) + 2. We define a class in the 
middle cohomology H'^'^{M{v) x 7W(i;),Z): 

N ._ / c„(-7ri3, {7ri2[(5'®l)['?«i]]^u43['^^'2]}) if cov{g) = I, 
• \ Cm (-7ri3, {^12 [{Dg U 7^:,^[£.,]]) if cov{g) = -1. 

Denote by 

(5.1) mon{g) : H*{M{v),Z) H*{M{v),Z) 

the homomorphism obtained from mon{g) using the Kiinneth and Poincare-Duality Theorems. 

Theorem 5.1. /" [Ma2] Th eorems 1.2 and 1.6) 

(1) The endomorphism mon{g) is an algebra automorphism and a monodromy operator. 

(2) The assignment 

(5.2) mon : 0{KtopS)y — > Mon{M{v)), 

sending an isometry g to the operator mon{g), is a group-homomorphism. The homo- 
morphism is injective, if {v,v) > 4, and its kernel is generated by the involution 

(5.3) w I—)- —w + {w,v)v, 

if {v,v) = 2. The image mon[0{KtopiS)y] is a normal subgroup of finite index in the 
monodromy group Mon{M.H{v)). 
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(3) There exists a topological complex line bundle £g on Mh{v) satisfying one of the fol- 
lowing equations: 

{g ® mon{g))[£^] = f^lg, if cov{g) = I, 

{{Dog)®mon{g))[£,] = [£.Y ® f^^g, if cov{g) = -I. 

The action of mon{g) on Ktop{M{v)), in partOof the Theorem, is constructed as follows. The 
Chern character homomorphism ch : KtopM{v) — )■ H*{Ai{v),Q) in injective, since KtopM{v) is 
torsion free [Ma3j . The homomorphism ch is monodromy equivariant; hence it maps KtopAi{v) 
to a mon(5)-invariant subalgebra, for all g € 0{KtopS)v, by partHJof Theorem 15.11 Denote by 
mong the corresponding monodromy automorphism of KtcypM{v). Part [3] of the Theorem can 
be rephrased in terms of the homomorphism e : KtopS — KtopM.{v), given in (13. ip : 

f5 4) monie w ^) - / ® cov{g) = I 



{exY^^g, if cov{g) = -l. 
Consequently, the line bundle Ig is determined by the following formula: 



(5.5) Cl{lg) 



mong{ci{ey)) - cov{g) ■ ci{ey) 



{v,v) 

Let Mon'^{M.{v)) be the image in 0[H'^{M{v),Z)] of Mon{M.{v)), under the restriction 
homorphism from H*{M{v),Z) to H'^{M{v),Z). Let 

mon^ : 0{KtopS)y Mon'^{M{v)) 

be the composition of man with the restriction homomorphism. 

Theorem 5.2. i ^Ma4] . Theorem 1.2 and Lemma 4- 2)- The homomorphism mon^ : O (KtopS) y ^ 
Mon'^{Ai{v)) is surjective. It is an isomorphism, if {v,v) > 4, and its kernel is generated by 
the involution \5. if {v,v) = 2. 

Theorem 5.3. i^ |Ma4) Theorem 1.5) Any monodromy operator, which acts as the identity on 
H^{M{v),Z), acts as the identity also on {M{v) ,Z) , < k < diEM^^^lM + 2. 

Proof of Proposition \3.1[ Observe first that the pair {K{ey), k ((ct,)^)} is invariant under the 
image of 0{KtopS)y in Mon{A4{v)) via man. This follows from the reformulation (j5.4p of part 
Oof Theorem 15. 1|, and the fact that g{v) = v. We prove next the Mon(A^(f ))-invariance of 
spanQ{Kj(e^,)}, for 4 < 2i < n + 2. Let / be an element of Mon{Ai{v)). There exists an 
isometry g G 0{KtopS)y, such that / and mon{g) have the same image in Mon'^{M.{v)), by 
Theorem 15. 2[ Theorem 15.31 implies that the actions of / and mon{g) on H^{Ai{v),1i) agree in 
the range required. We conclude the /-invariance of spanQ,{Kj(et,)}, from its mon{g) invariance, 
for i in that range. □ 

Proof of Proposition ^^ It suffices to show that the pair {k{T)^ k (-F^)} is invariant under the 
image of 0{KtopS)v in Mon{Ai{v)) via man, by the argument used in the proof of Proposition 
13. 1[ Denote by 

Dm ■■ KtopM{v) KtopMiv) 

the duality involution y ^ and by Ds the duality involution of KtopS. Note that [£vY — 
(Ds (E> -Dx . Caution: while commutes with Mon{M{v)), Ds does not commute with 
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0{KtopS)y. The class [F] is the image in KtopM.{v) ® KtopM{v) of the class {(1 D_\4)[£y]} 
[£v] via the contraction with the Mukai pairing: 

V' : [KtopS KtopM {v)] [KtopS KtopM (v)] KtopM {v) ® KtopM {v) 

xi® yi® X2® y2 ^ -x{xi ® X2)yi ® y2 

The equality ip = ipo{g®\®g®\) holds, for any isometry g of the Mukai lattice. Hence, the 
following equality holds: 

Tpiig® moug o Dm)[£v\ ® {g ® 'mong)[£v]} = V' {(1 iSD moug o Dm)[£v\ (X> (1 (X> mong)[£v]} . 

The right hand side is {mong (g) mong)[F], while the left hand side is equal to 

iI^{{1®Dm){[£v]® f2Q®[£v](^ fi^g] . if cov{g) = l, 
i^{{[£v\®f2O®0^®^MWv]®f2(t)]^ if cov{g) = -l, 
by part [3] of Theorem 15.11 The latter contractions simplify to 

(5.6) [mong (g) mong)[F\ = < n-n\'^^ Wev\^ ^ /, -r f \ ^ 

by the projection formula. We conclude that the pair {k{T),k{F^)} is mon((7)-invariant. □ 
Proof of Lemma For every g G O^KtopS)^, we have: 



[mong ® mong){ci{F)) ^= ci{F) - {v,v)['n:lci{ig) - 'Klci{ig)] ^= 
ci{F) - ■Kl[mong{ci{e^)) - ciie^)] + ■Kl[mong{ci{ey)) - ci{ey)\. 

Consequently, ci(J^)+7r|(ci(et,)) — 7r2Ci(e^) is 0+(-ftrtop5')t,-invariant. The 0^(i^top5')i;-invariant 
subspace of H'^{M{v) x M.{v)) vanishes, since the latter is the direct sum of two copies of the 
non-trivial irreducible 0+(ErtopS')^-module H'^{M.{v)). □ 

6. Hyperholomorphic sheaves 

We review Verbitsky's theory of hyperholomorphic reflexive sheaves |Ve4] . It plays a central 
role in the proof of Theorem 11.61 

6.1. Twistor deformations of pairs. Let X be an irreducible holomorphic-symplectic man- 
ifold, oj a Kahler class of X, and A" — )• the associated twistor deformation |HKLRt IHu] . 
Recall that associated to uj and the complex structure / is a Ricci-flat hermitian metric g, 
by the Calabi-Yau theorem [Be]. Furthermore, any two among /, uj, and g, determine the 
third. The twistor deformation — )■ comes with a canonical differentiable trivialization 

= X X P^. The hermitian metric on X is constant with respect to this trivialization, but the 
complex structure It and the associated Kahler form oot vary as we vary t e P^. We denote by 
Xt the differentiable manifold X endowed with the complex structure It- We denote by G P^^ 
the point corresponding to the complex structure / on X. 

Let F be a reflexive sheaf on X and (^F^gi^g the singular locus of F. Then (i*^)smg has 
codimension > 3 in X. Set {F)sm \ {F)sing- Let gp be a hermitian metric on the 

restriction of F to {F)sm- Associated to gp and the holomorphic structure 5 of F is the Chern 
connection V ([GHj, Ch. Sec. 5, Lemma page 73). Recall that d is the (0, l)-part of V. The 
decomposition T^X := T^'^X © T^'^^X, of the complexified cotangent bundle of X, depends on 
the complex structure / of X. 
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When the sheaf F is w-slope-stable, then there exists a unique Hermite-Einstein metric gp, 
whose curvature form is L'^-integrable, on the restriction of F to {F)sm [BS], We wih refer to 
gp 8iS the Hermite-Einstein metric of F and to its Chern connection as the Hermite-Einstein 
connection of F. Denote hy dt,t £ P^, the (0, l)-part of V with respect to the complex structure 
It- Then 5q = 0, but need not vanish for a general t S P^Jj. 

Definition 6.1. ( |Ve4] . Definition 3.15) An tj-slope-stable reflexive sheaf F over (X, w) is 
uj-stable-hyperholomorphic, if = 0, for all t £ P^J^. An w-slope-polystable reflexive sheaf 
F is uj-polystable-hyperholomorphic, if each w-slope-stable direct summand of F is w-stable- 
hyperholomorphic. 

Definition 6.2. (fVei], Definition 2.9) A subvariety Z of X is uj-tri- analytic, if the canonical 
differentiable trivialization X = X xF^j maps Z x P^ to a closed analytic subvariety of X. 

Verbitsky proves that the singularity locus {F)sing-, of a reflexive hyperholomorphic sheaf, is 
supported over a tri-analytic@ subvariety of X ([Ve4], Claim 3.16). The complex structure Bt 
on F defines a locally free -module over Xt \ [F)sing- We denote by Ft the reflexive sheaf 
on Xt corresponding to the push- forward of the latter via the inclusion into Xt. In particular, 
Fq = F. The following is a fundamental result of Verbitsky. 

Theorem 6.3. / ^Ve4j . Theorem 3.19) Let E he an u- slope- stable reflexive sheaf on X. Assume 
that Ci{E) is of Hodge-type {i,i), for i = 1,2, and for all complex structures parametrized by 
the twister line P^. Then E is u -stable hyperholomorphic. 

The notion of w-slope-stability is well defined for twisted sheaves as well. Slope-stability 
of a torsion-free sheaf E depends on the sheaf £nd{E) of Lie-algebras and its subsheaves of 
maximal parabolic subalgebras. Given a subsheaf F of E, the condition slope^(-F) < slope^(-E) 
is equivalent to 

(6.1) deg^{nom{E,F)) < 0. 

The sheaf T-Lom[E, F) is untwisted, for every 0-twisted subsheaf F of a 0-twisted sheaf E. 

Definition 6.4. (1) Let Ehe a, torsion free 0-twisted sheaf and uj a Kahler class on X. We 
say that E is oj -slope-stable, if the inequality (|6.ip holds, for every non-zero 0-twisted 
proper subsheaf F of E. The sheaf E is co -slope-semi-stable, if the analogue of (|6.ip . 
with strict inequality replaced by <, holds for every such F. The sheaf E is said to be 
uj-slope-polystable, if it is ti;-slope-semi-stable and away from a locus of codimension two 
E is isomorphic to a direct sum of cj-slope-stable sheaves. 
(2) A reflexive sheaf A of Azumaya algebras (Definition 12. 3p is u- slope- stable (resp. uj-slope- 
polystable), if some, hence any lift of A to a twisted reflexive sheaf has the corresponding 
property. Equivalently, A is cj-slope-stable, if every non-trivial subsheaf of maximal 
parabolic subalgebras of A has negative w-slope. 



^Note that Z is tri-analytic if and only if Z is analytic with respect to It, for all t G P^. The 'only if direction 
is clear. The 'if direction follows from the following fact. Given points t £ and x £ X, we get the direct sum 
decomposition Tfj^ ^jA" — TfPi, © T^X, of the real tangent space, induced by the differentiable trivialization of 
X. The relevant fact is that both summands are complex subspaces, even though the projection A" — >■ X is not 
holomorphic ( [HKLR] , formula (3.71)). 
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Note that if E is reflexive and cj-slope-polystable, tlien £^ is a direct sum of w-slope-stable 
sheaves ( |HL] . Corollary 1.6.11). 

Lemma 6.5. /^ |Ve4j . section 3.5) Let F and G he two reflexive uj-polystable-hyperholomorphic 
sheaves of oo- slope 0. Then the following statements hold. 

(1) Any global section f of F is flat with respect to the Hermite- Einstein connection. In 
particular, f is a holomorphic section with respect to all complex structures dt, t G IPo;- 

(2) There exists a canonical isomorphism of vector spaces Hom(Ft, Gt) — ?• Hom(Fs, Gg), for 
all s,t 

(3) If Ft is endowed with an associative multiplication nit '■ Ft® Ft — )• Ft, or more specifically 
a structure of an Azumaya Oxt'O-lgsbra, or a Lie-algebra structure [,]t : Ft® Ft ^ Ft, 
then Eg is naturally endowed with such a structure, for all s G Pi^. 

(4) Any saturated sub sheaf F' of F ofuj-slope zero is reflexive and uj -poly stahle-hyperholomorphic. 

(5) Let ip : F ^ G he a homomorphism. Then ker((/?) and the saturation of Im{ip) are 
oj -poly stahle-hyperholomorphic. 

(6) Let Ej- he a saturated suhsheaf of Ft, of cot- slope 0, for some t £ F^^. Then Ej. extends 
to an UJ -poly stahle-hyperholomorphic suhsheaf E^ of Eg, for all s G IPoj* 

(7) If Ft has a structure of an Azumaya algebra and the suhsheaf El in part\^ is a maximal 
parabolic subalgebra, then the suhsheaf Eg is a maximal parabolic suhalgehra, for all 

Proof Parts m and E]) See fVei] . Theorem 3.27. 

Part [3]) The sheaf Tiom {TLom{Ft , Ft) , Ft) is wj-polystable-hyperholomorphic and m (or [, ]) is 
a global section of this sheaf, hence a flat section with respect to the induced Hermite-Einstein 
connection, hence a holomorphic section with respect to all induced complex structures, by part 
[TJ The axioms of the corresponding algebraic structure are expressed as identities involving flat 
sections. Hence they hold for all s G P(^, since they hold at t. 

Part HI The cj-slope-stable summands of F are hyperholomorphic, and E' is necessarily 
isomorphic to a direct sum of such summands. 

Part [5]) The kernel and image of ip must have w-slope zero. 

Part[6]) The sheaf -F/ is ajj-slope-polystable-hyperholomorphic, by partSl The sheaf Hom(F/, Et)®c 
F* is cj^-slope-polystable-hyperholomorphic, it is canonically isomorphic to }iom{Fg, Eg) ®c F* , 
by part [21 and the evaluation homomorphism from the latter into Eg has a hyperholomorphic 
image, by part \5\ 

Part [7|) Assume that is a saturated cjf-slope Lie subalgebra. Then its extension, in part 
[6l consists if Lie subalgebras Ei., for all s G P^j, by partO Let Eg be the subsheaf orthogonal 
to L'g with respect to the trace bilinear pairing. Then L'g is a sheaf of maximal parabolic 
subalgebra over (F)sm, if and only if the following two conditions hold: a) F'J is a subsheaf of 
Eg, and b) the homomorphism Eg ® F'J — )• Eg, given hy a b ah, vanishes. Now E" is the 
kernel of the homomorphism Eg — )• (Eg)*, induced by the trace pairing. Hence E" is saturated 
of Ws-slope 0, and so w^-polystable-hyperholomorphic, by part HI 

Assume now that F/ is a saturated ut-slope maximal parabolic subalgebra of Ft. We get a 
flag F" C E' C F of cj-polystable-hyperholomorphic reflexive sheaves of cj-slope 0. Furthermore, 
each of the conditions a) and b) above is expressed in terms of the vanishing of a natural 
homomorphism between cj-polystable-hyperholomorphic sheaves of slope zero. Hence, if they 
both hold for t, then they both hold for all s G P^j, by partdl □ 
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6.2. Projectively w-stable-hyperholomorphic sheaves. The theory of w-slope-stable 9- 
twisted reflexive sheaves is incomplete, as the Uhlenbeck-Yau theorem, about the existence of 
Hermite-Einstein metric, is not availabl^ in this generality. Nevertheless, such a metric does 
exist, when we start with an untwisted w-slope-stable reflexive sheaf F of rank r and attempt 
to deform it as a twisted sheaf. 

Definition 6.6. Let F be a reflexive w-slope-stable (untwisted) sheaf of positive rank over 
{X,uj). We say that F is projectively uj-stable-hyperholomorphic if, in addition, the sheaf 
£nd{F) is w-polystable hyperholomorphic. A reflexive cj-slope-polystable sheaf is projectively 
u}-polystable-hyperholomorphic, if it is a direct sum of projectively cj-stable-hyperholomorphic 
sheaves. 

Let be a projectively cj-polystable-hyperholomorphic reflexive sheaf of rank r > 0. Let 
9 G H'^{X,fir) be the class exp (— 27r-v/— lci(-F)/r), as in equation (|2.5|) . Denote by 9t the 
image of 9 in H'^^{Xt, 0\^). Similarly, let 6 be the image of 9 in H^^{?i, O^) via the composite 
homomorphism 

(6.2) H\X,fXr) ^ H\X,f,r) ^ i?i(A',Oi), 

where the left homomorphism is the pull-back via the projection X ^ X, associated to the 
differentiable trivialization of the twistor deformation. 

Construction 6.7. The sheaf F corresponds to a reflexive sheaf A of Azumaya algebras (Defi- 
nition [2]3]) with Brauer class 9 over the twistor space X. Following is the construction of such 
a family. The sheaf £nd{F) is w-polystable-hyperholomorphic, by assumption. Hence £nd{F) 
extends to a reflexive sheaf A over X . The structure on £nd{F) of a reflexive sheaf of Azumaya 
algebras extends to one on A, by Lemma [6.5l part ([3]). It remains to prove that the Brauer class 
of .A is 9. Now A has rank r and thus determines a class a in H'^[X,fir) (use the homomor- 
phism (12. 3p and the fact that the singular locus of A has codimension > 3 in X). The class a 
restricts to the class 9 in H'^{X,fj,r)- Hence, it suffices to prove that the image of the compos- 
ite homomorphism (j6.2p is equal to the r-torsion subgroup. Now H'^{X,fir) is isomorphic to 
H'^{F'^,fir) © H'^{X, iJ.r) and the image of the summand H'^ {F'^ , i^r) in Hl^{X, O*^) is trivial, as 
it is already trivial in (P^ , Opi ) . 

Lemma 6.8. Let F be a reflexive projectively uj-polystable-hyperholomorphic sheaf. Let A be 
the reflexive sheaf of Azumaya algebras over the twistor family X associated to £nd{F) via 
Construction \67]\ If At is an ujt- slope- stable sheaf of Azumaya algebras over Xt for some t, 
then it is LVt- slope- stable for every t. 

Proof. Assume that A[ is a saturated subsheaf of At of maximal parabolic subalgebras, and 
A't has iOf-slope 0, for some t £ F^^. Then A't extends as an cj-polystable- hyperholomorphic 
subsheaf P of A, with Pq an w-slope subsheaf of £nd{F), by Lemma [631 part [6l The subsheaf 
Pt = A't is a sheaf of maximal parabolic subalgebras. Its extension is also a subsheaf of maximal 
parabolic subalgebras, by Lemma [631 part 171 In particular, if Pt is a non-zero proper subsheaf, 
then At is not cj^-slope-stable, for any t. □ 



See however Proposition 17.81 below, which imphes the existence of a Hermite-Einstein metric on £nd(E), in 
the special case of a 6l-twisted reflexive sheaf E, such that the order r of the class d is equal to rank(i5). 
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Theorem 6.9. (|Ve4], Corollary 3.24) Let F be an oj-slope-polystable reflexive sheaf on {X,u}), 
of oj- slope 0, and It an induced complex structure such that It {/, — Then 



.3) / K2{F)u^^-^ > 

X 



X 



and equality holds, if and only if each stable direct summand F' of F is UJ-stable-hyperholomorphic. 
Furthermore, equality holds in h6. 3\) if K2{F) is of Hodge-type (1,1), with respect to It, for all 

teF^. 

Proof. When F is w-slope-stable this is precisely ( |"Ve4j . Corollary 3.24). I thank Misha Verbit- 
sky for pointing out this statement and the fact that the statement holds also when F is w-slope- 
polystable. Assume that F = (B^iFi, where Fj is cj-slope-stable. Then K2{F) = J2iLi i^2{Fi)- 
We get 

N N 
[ K2{FW--' = K2iF.)0," [ K2iF,U-'' > [ K2{F)ur-' , 

where the first inequality is by |Ve4] . Corollary 3.24, and the second by the triangle inequality. 
Clearly, equality holds above, if and only if it holds for each Fi. 

If K2{F) is of Hodge-type (1, 1) with respect to It, for all t G P^^, then equality holds in (j6.3p . 



by Claim 3.21 in [Vei]. □ 

The following generalization of Theorem 16.31 was explained to me by Misha Verbitsky. 

Corollary 6.10. (1) Let E be an lo- slope- stable (untwisted) reflexive sheaf and assume that 
K2{E) is Mon(X) -invariant. Then £nd{E) is Lo-polystable-hyperholomorphic and E is 
projectively uj-stable-hyperholomorphic. 
(2) Let A be an oj- slope- stable reflexive sheaf of Azumaya algebras of rank r ( Definition \6.4^ . 
Assume that the underlying rank r^ coherent sheaf A is uj- slope-poly stable. Finally 
assume that C2{A) is Mon(X) -invariant. Then A extends to a reflexive sheaf A of 
Azumaya algebras over X , flat over W}^, and At is ut- slope- stable, for all t S P^Jj. 

Proof. ([T]) It suffices to prove that £nd{E) is w-polystable-hyperholomorphic. Apply Theorem 
16.91 with F := 8nd{E). Equality holds in ()6.3p . since H2{E) is of Hodge-type (1,1), for all 
tG¥^,hy Lemma EH 

([2|) ^ is isomorphic to A* as a coherent sheaf, using the trace bilinear pairing, and thus 
ci{A) = 0. The construction of A follows from Theorem 16.91 The structure of Azumaya algebra 
extends, by Lemma 16.51 part The stability of At follows from Lemma |6. 81 □ 

6.3. Deformation of pairs along twistor paths. A marking of an irreducible holomorphic 
symplectic manifold X is an isometry cp : H'^{X,Z) — >• A with a fixed lattice A. Let OJIa be the 
moduli space of isomorphism classes of marked irreducible holomorphic symplectic manifolds 
|Huj . A twistor-path in TIa is a sequence of twistor lines, in which each consecutive pair has 
non-trivial intersection in OJIa. If the intersection, of each consecutive pair, contains a point 
corresponding to a manifold with trivial Picard group, we call the twistor-path generic. 

Theorem 6.11. ( [Ve3] . Theorems 3.2 and 5.2.e) Let {Xi, (pi), i = 1,2, be two marked irreducible 
holomorphic symplectic manifolds, in the same connected component o/QJIa- Then there exists 
a generic twistor-path in Tl\ connecting (Xi,0i) with {X2,(p2)- 
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We will need the following evident Lemma. 

Lemma 6.12. Let X be a compact Kdhler manifold with a trivial Picard group Pic(X) = {Ox}, 
uj and Lo' two Kdhler classes on X, and E a torsion free coherent Ox -module of rank r. Then 
E is CO -slope- stable, if and only if E does not admit any subsheaf of rank r' , for < r' < r. In 
particular, E is lo -slope-stable, if and only if E is oj' -slope- stable. 

A parametrized twistor-path 7 : C — t- OJIa consists of a connected reduced nodal curve C, of 
arithmetic genus 0, with an ordering of the irreducible components, so that two consecutive 
components meet at a node, and a morphism 7 from C to IUTa, mapping the i-th component of 
C isomorphically onto a twistor line. If 7 maps each node to a point with a trivial Picard group, 
we call 7 a generic parametrized twistor-path. Let 7 : C — )• 9JIa be a parametrized twistor-path, 
X ^ C the natural twistor deformation, G C a point of the first component of C, and Xq the 
fiber of X over 0. Let -B be a reflexive twisted sheaf on Xq. 

Definition 6.13. We say that E can be deformed along 7, if there exists a reflexive twisted 
coherent sheaf over X, flat over C, which restriction to Xq is isomorphic to E. Equivalently, 
there exists a reflexive sheaf of Azumaya 0;t'-algebras, flat over C, which restriction to Xq is 
isomorphic to End{E). 

Let X be an irreducible holomorphic symplectic manifold and 7 : C — t- 9Ha a generic 
parametrized twistor path, with Xq = X. Let ojq be a Kahler class on Xq, such that P^^q 
is the first twistor line. Let oj,- , 1 < i < A^, be a Kahler class on the i-th node Xt^ , such that 

i 

Pa; „ is the i-th twistor line, and l<i<A — l,a Kahler class on A^. , such that P^; ^ 

is the i + 1 twistor line. Note that ujq determines uj.- , and u],+ determines w,- . At a node 

ti E C, the group V\c{Xt^) is trivial. Slope-stability is then independent of the Kahler class, 
by Lemma [6.121 We will abuse notation and say that a sheaf on Xt^ is w^. -slope-stable, if it is 
slope-stable with respect to some, hence any Kahler class. 

Proposition 6.14. (1) Let F be an loq- slope- stable (untwisted) reflexive sheaf. Assume that 
K2{F) is Mon{X) -invariant. Then F deforms along 7, in the sense of definition ] 6.1^ 
(2) Let A be an ujq- slope- stable reflexive sheaf of Azumaya algebras of rank r (Definition 
\6.4\) . Assume that the underlying rank r^ coherent sheaf A is u- slope-poly stable. As- 
sume, furthermore, that C2{A) is Mon{X) -invariant. Then A deforms along 7, as a 
reflexive sheaf of Azumaya algebras, in the sense of definition \6.13[ 

Proof. ([2]) The following argument is similar to the proof of Theorem 10.8 in jVe4] . The proof 
is by induction on the number A^ of twistor lines in C. A deforms along the first twistor line, 
by Corollarv 16.101 

Assume that A deforms, as an cj^-slope-stable sheaf of Azumaya algebras, along the first i 
twistor lines, and i < N. Then At- is slope-polystable with respect to u,- and hence also with 

^ i 

respect to a;,+ , by Lemma l6.12i Hence, At- is oj,+ polystable-hyperholomorphic, by Theorem 

i i 

16. 9i The structure of an Azumaya algebra deforms along the i + 1 twistor line, by Lemma 16.51 
part O 

The Wf-slope-stability of At is proven by induction as well. The stability for t in the first 
twistor line follows from Lemma 16.81 Stability of At^ for oj.+ follows from that for w.- and 
Lemma 16. 12[ The proof of the induction step is similar. 
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Part ([I]) follows from part ([2]), since £nd{F) is an wo-slope-stable sheaf of Azumaya algebras 
and C2{Snd{F)) is a scalar multiple of K2{F). □ 

Remark 6.15. With the exception of Theorem 16.111 Verbitsky proves the results mentioned 
above for hyperkahler varieties, without assuming the condition h"^'^ = 1 (the irreducibility 
condition). In particular, all the definitions and results in this section hold for X x X, where X 
is an irreducible holomorphic symplectic manifold, provided the twistor deformations oi X x X 
we consider are only fiber-square X Xpi^ X of twistor deformations of X, associated to a Kahler 
class oj on X. 

7. Stable hyperholomorphic sheaves of rank 2n — 2 on all manifolds of 

ETSW-TYPE 

Definition 7.1. Let X be a complex manifold and E a torsion free ^-twisted coherent sheaf 
on X. E is said to be very twisted, if the rank of E is equal to the order of the class of 6 in 

A very-twisted sheaf does not have any non-trivial subsheaves of lower rank, so it is trivially 
slope-stable. In section 17.11 we construct a very twisted version of the sheaf E in Theorem 11.51 
In section 17.21 we show that if F is very twisted, then the untwisted sheaf £nd{F) is w-slope- 
polystable with respect to every Kahler class oj. Consequently, there exists a Hermite-Einstein 
metric on £nd{F). In section [7^31 we carefully degenerate the K2> surface, the moduli space 
and the sheaf E to those in Theorem [LSj so that the sheaf E is untwisted, yet still slope-stable. 
The stability Theorem 11.51 is proven in section 17.31 In section 17.41 we prove the deformability 
Theorem 11.61 



7.1. A very twisted £xt\_^.^ {'^i2^-> '^2?,^)' construct a very twisted reflexive sheaf i?xt^^g(7r|2'f, 
over the self-product of a suitable choice of a moduli space M (Theorem 17. 4p . Recall that an 
untwisted analogue of £xt\_^,^{TTl2£-,'^2?,^) appears in Theorem 11.51 

Let Mh{v) be a smooth and projective moduli space of i?-stable sheaves on a projective K2, 
surface S. Set r := {v,v). Assume, that {v,v) > 2. Let /Uj. be the group of r-th roots of unity. 

Lemma 7.2. (1) There exists a unique r{v^) coset w in of classes w, such that w — v 
belongs to rKtopS. 
(2) Define a class in H'^ (M. h {v) , fJ-r) , by 

(7.1) e := exp(-27^^/^^^)/r), 

where we identify with H'^{M.h{v),'^) via Mukai's isometry ^3.3\) . Then the pair 
{9,9^^} is monodromy invariant. 

Proof, d]) Uniqueness is clear. When v is the class of the ideal sheaf of a length n subscheme, 
with Mukai vector (1,0, 1 — n), choose w = (l,0,n — 1). The existence of such a class follows, 
for an arbitrary primitive class v with (v, v) = 2n — 2, since any two such classes belong to the 
same 0{KtopS)-oihit. 

[2]) The class 9 is determined by the primitive isometric lattice embedding H'^{JV[u{v),'L) = 
v-^ C KtopS and the choice of a generator v of the line orthogonal to the image oi H'^{A4h{v),Z). 
Any monodromy operator of H'^{M.h{v),'^) can be extended to an isometry of KtopS, which 
necessarily maps v to v or —v, by Theorem 15.21 □ 
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Let 6 be the class in Equation (j7.ip . Denote by 6 the image of 6 in H'^{AiH{'v), O*), via the 
sheaf inclusion l : ^ O*. Let /3 : B ^ Mniv) x Mh^v) be the blow-up of the diagonal and 
¥V the projective bundle over B associated to the twisted locally free sheaf (14. 4p . 

Lemma 7.3. (1) The class 6{FV) G H'^{B,fir), defined in \2. 3\) . satisfies 

(7.2) e{¥V) = (K^)^^^2^) ■ 

(2) The order of the class 6 in H'^^{Mh{v),0*) is given by: 

gcd{(t>,x) : X £ KtopS and ci(x) is of type (1, 1)}. 

Proof. [1]) Assume first, that v is the class of the ideal sheaf of a length n subscheme. Then V 
is a vector bundle, which restricts to the exceptional divisor D as a vector bundle with trivial 
determinant (Proposition I4.5p . Thus, ci{V) = /3*/3*ci(y) = /3*ci(J^), where T is the object 
given in Equation (14. ip . Now, ci{T) = —■Klci{ev) + -K2Ci{ev), by Lemma When £ is the 
universal ideal sheaf over 5x5^, then 

— s-wi where v has Mukai vector (1,0, 1 — n), and that 
of w is (1, 0, n — 1), by Lemma 5.9 in |Ma4j . The coset tD in equation (jT.ip is w-l- (2n — 2) KtopS, 
since w — v = (2n — 2)(0, 0, 1). The equality (j7.2p follows from equation (12. 5p . 

The general case of equation (17. 2p follows, by deformation of the classes on both sides, via a 
deformation to the Hilbert scheme case, as in Lemma 14.91 

[2]) Set M. := Ainiv). Consider the short exact sequence 

(7.3) ^ /u^ 4 O* ^'J O* 0. 

The connecting homomorphism H^{j\4, O*) — t- H'^{M,^r) sends the class of a line bundle L to 
exp(27r\/—lci (L)/r). Let d be a positive integer dividing {v,v). Then i{d9) = 1, if and only 
if de = exp(-27r7^£/r), for some I £ H^^^{M,Z). Identify H'^{M,Z) with v^, via Mukai's 
Hodge-isometry (j3.3p . Set £ := i + rv~^. It suffices to prove that the following are equivalent. 

(1) There exists £ £ v^, with ci{£) of type (1, 1), such that £ = dw in /rv^, where iu is 
the coset in Lemma 17.21 

(2) d = {v,x), for some x G KtopS, with ci{x) of type (1, 1). 

[T]=^ [2] The (1, 1) class x := is integral, by the assumption on £, and satisfies {x,v) = 

r 

[2H^I1 Set i ■= dv - {v, v)x. Then {£, v) = and £ - dv = -rx belongs to rKtopS. Thus, 
£ = dw in v-^/rv^, by Lemma 17.21 part [Tl □ 

Set r := 2n — 2, n > 2. Let 5 be a projective i^3 surface with a cyclic Picard group generated 
by an ample line-bundle H with ci{H)'^ = 2r^ -|- r. Let v £ KtopS be the rank r class with 
ci{v) = ci{H), and xi'^) = 2r. Its Mukai vector ch[v)^/ tds is {r,H,r). Then {v,v) = r and 
{v,x) = 0, (modulo r), for every class x G KtopS with ci(a;) of type (1, 1). The moduli space 
A4h{v) is smooth and projective (see section [3]). Let E be the rank r (7r|[0]~"^7r2[0])-twisted 
sheaf (7rj['2<?, 7r23iS), over ^AH{v) x 7W//(?;). E is reflexive, by Proposition 14.51 

Theorem 7.4. T/ie (7r|[6l]-i7r^[6l])-toisied sheaf E is u}- slope- stable (Definition \ 6.4\ ) and the 
untwisted sheaf £nd{E) is uj-polystable-hyperholomorphic (Definition \6.1\) . with respect to every 
Kdhler class uj on M.h{v) x Ainii^)- 
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Proof. The class 6 has order r, by lemma 17.31 It follows that E does not have any non-zero 
twisted subsheaves of rank < r (see Remark 12.21) . The class K2{E) is monodromy-invariant, by 
Proposition 14. 2[ The polystability of £nd{E) is proven in the next section (Proposition 17. 8| ). 
Consequently, £nd{E) is w-polystable-hyperholomorphic, by Theorem 16.91 □ 

7.2. Polystability of £nd{E) for a very twisted sheaf E. 

Definition 7.5. Let X be a complex manifold and E a torsion free 0-twisted coherent sheaf on 
X. A subsheaf A C £nd{E) is said to be degenerate, if the generic rank of every local section 
of A is lower than that of E. 

Lemma 7.6. Let {X,uj) he a compact Kdhler manifold, 6 £ H'^^(X, O*) a class of order r > 0, 
and E a reflexive, rank r, 6-twisted sheaf. Then £nd{E) does not have any non-zero degenerate 
subsheaf. 

Proof. The proof is by contradiction. Let A' be a non-zero degenerate subsheaf of £nd{E) and 
A its saturation in £nd{E). Then j4 is a reflexive degenerate subsheaf of £nd{E). Let U C X 
be the open subset, where A is locally free, and set Z := X \ U . Then the codimension of Z in 
X is > 3. 

We have the commutative diagram of exponential sequences 

H\X,Z) ^ HUX,0) ^ HUX,0*) ^ F3(X,Z) 
= i Pi i P2 i i = 

Set n := dimc(X). The left and right vertical homomorphisms are isomorphisms, by the codi- 
mension of Z, Lefschetz Duality i^*([/, Z) = H2n-i{X , Z ,2,) , and the vanishing of H2n-i{Z,'L), 
for i < 6. The homomorphism pi is injective, since the codimension of Z is > 3 [Schjl. It 
follows that the homomorphism p2 is injective as well, by a diagram chase. We conclude, that 
the image 9' of 6 in H'^^{U, O*) has order r. 

Set Y := ¥[A^^] and let vr : y — )• [/ be the natural morphism. The pull-back vr* : 
H'^{U,0*) — )■ H'^{Y,0*) is injective, by a similar diagram chase, since the homomorphism 
H^lu,Z) H^(Y,Z) is injective, and both 

H\U,Z)/ci[Pic{U)] ^ H\Y,Z)/ci[PKiY)] 

and H1j^{U,0) — > H^j^{Y,0) are isomorphisms. Hence, the pull-back 6" := tt*{9') to Y has 
order r. Consequently, the ^"-twisted sheaf tt*E does not have any non-trivial proper ^"-twisted 
subsheaf. Let r C Tr*A be the tautological line subbundle. The image of the composition 

T ■K*E ^-K*{A(E)E)^ Tr*{[£nd{E)] (E) E) ^ -k*E 

is a non-trivial ^"-twisted proper subsheaf, since r is a degenerate subsheaf of Tr*£nd{E). A 
contradiction. □ 

Lemma 7.7. Let {X,uj) be a compact Kdhler manifold, 6 G H'^^{X, O*) a class of order r > 0, 
and E a reflexive, rank r, 9-twisted sheaf. Then £nd{E) is an uj- slope- semistable sheaf. 



If X is projective, and we consider the Zariski topology instead, the injectivity of pi foUows from the 
vanishing of the cohomology Hz{X, Ox), with support along Z, for i < 2 [H], 
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Proof. The proof is by contradiction. Assume that £nd{E) is not semi-stable, and let F be an 
w-slope-stable destabilizing subsheaf of £nd{E) of maximal slope. Then {F<^F)/tor is w-slope- 
polystable of slope 2//(F). The image oi F F in 8nd{E) must be zero, since otherwise the 
slope of the image is > 2fi{F), contradicting the assumption that the slope of F is maximal. 
We conclude that F is a degenerate subsheaf. We obtain a contradiction, by Lemma 17.61 □ 

Proposition 7.8. Let {X,uj) be a compact Kdhler manifold, 9 G H^^{X,0*) a class of order 
r > 0, and E a reflexive, rank r, 9-twisted sheaf. Then £nd{E) is uj-slope polystable. 

Proof. £nd{E) is w-slope semistable, by Lemma [7.71 Let F C £nd{E) be the maximal polystable 
subsheaf ([HL], Lemma 1.5.5). Then F is reflexive, and is hence locally free away from a closed 
analytic subvariety Z of codimension > 3 in X. Let F-^ C End{E) be the subsheaf orthogonal 
to F with respect to the trace-pairing on £nd{E). Set A := F r\ F^. 

We show first that A must vanish. Note first that the multiplication homomorphism m : 
£nd{E) (g) £nd{E) — )• £nd{E) maps F ® F onto a subsheaf of slope 0. We conclude that the 
image is slope-polystable, and is hence contained in F. Consequently, F is a sheaf of unital 
associative subalgebras of £nd{E). Let a be a local section of A. Then a" is a section of F, for 
all n > 0. Thus, tr{a^) = tr{a^~^a) = 0, for all k > 0. It follows that a is nilpotent. Hence, 
the sheaf ^ is a degenerate subsheaf of £nd{E). We conclude that ^ = 0, by Lemma 17.61 

We may assume that A vanishes. Thus the homomorphism 

: FeF^ £nd{E) 

is injective. Its degeneracy divisor, va. X\Z, must be trivial, since F and F-^ must both have 
cj-slope 0. We conclude that (j) is an isomophism, since both its domain and target are reflexive 
sheaves. If F-^ does not vanish, then it contains a stable subsheaf of w-slope 0, contradicting 
the maximality of F. Thus F = £nd{E). □ 

7.3. Stability of an untwisted £xt\_^._^{TT\2£ , Let vr : — >• C be a non-isotrivial family 

of irreducible holomorphic-symplectic manifolds over a (connected) Riemann surface C . Fix a 
positive integer m. Assume given a global non-zero section a of H^{C,R^^^m)- Denote by Ca 
the subset of C given by 

Ca '■= {t € C : a maps to the trivial class in f/'f^(Mf, O^jJ}. 

Proposition 7.9. |Ogu| Ca is a dense subset in the classical topology of C. Furthermore, 
either Ca = C, or Ca is enumerable. 

Proof. The class at £ H'^{Mt, Hm) maps to the trivial class in H'^^{Mt,0\j^), if and only if at 
belongs to the image of Pic(Mj) under the homomorphism 9 : Pic(Mj) — )■ H'^(Mt, fim), given 
by 9{L) = exp(27r\/— Ici (L) /m) . Indeed, we have seen that 9 is the connecting homomorphism 
of the short exact sequence (|7.3p . 

We may assume that the local system R'^^fim is trivial, as the statement is local in C. Given 
a global section k of the local system, denote by Kt the corresponding class in H'^{Mt, fim)- For 
each K G H^{C, R'^^fim), let C^ be the subset of the curve C, consisting of points t £ C, such 
that Kt is the image of a non-trivial class in Pic(-Mt). Theorem 1.1 in |Ogu shows that the 



finite union D := ^KeHO{c,Rl /im)^«; either equal to C or dense and enumerable. Proposition 
17.91 states that each C^ has this property and is thus a slight generalization of Theorem 1.1 in 



Ogu . Oguiso's proof is easily seen to establish this generalization. □ 
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Next we prove slope-stability of untwisted reflexive sheaves in a family containing a very- 
twisted reflexive sheaf. 

Set r := 2n — 2, n > 2. Let vr : 5 — )• C be a non-isotrivial smooth and projective family of K3 
surfaces, admitting a vr-ample line-bundle on 5 of flber-wise degree 2r^ + r. Assume, further, 
that there exists a point G C, such that Pic(5o) is generated by Hq. There exists a projective 
morphism p : 7W — )• C, whose flber Mt, t £ C, is isomorphic to the moduli space M.Ht (^) Ht,r) 
of fft-semistable sheaves on St of class {r,Ht,r), by [Sim] . The flber Mq of p is smooth and 
connected of ivTSl^l-type, by our assumption on Pic(5o). Hence, we may assume that p is smooth 
and all its flbers are of i^S'^l-type, possibly after restricting to a Zariski dense open subset of C. 
Let 0^1(1) be a p-ample line-bundle on and denote by 0^/4(1) its restriction to Mj. Note 
that ci {0_m{1)) maps to a section of Rp^"^, which is in the image via the homomorphism ()3.3p 
of the trivial local system of Mukai vectors spanned by the Mukai vectors (2r + 1, ci {H),0) and 
(1,0, —1), by our assumption on Pic(5o). 

There exists a 0-twisted universal sheaf £ over S xc M., for some class 9 £ H^^ {M. , ) . 
Let £t be the restriction of £^ to a twisted universal sheaf over St x Mt and denote by 6t G 
H'^{Mt,OljJ its Brauer class. Set 

Et := £xtl^^{Trl2£t,TT23^t)- 

Et is a rank 2n — 2 reflexive sheaf on Mt x Mt (Proposition 14. 5( ). Given a point m G Mt, denote 
by Et^m the restriction of Et to Mt x {m}. Let ZD>^^ C be the subset consisting points m, 
such that Et^m is C'Mt(l)-slope-stable. Let pi be the projection from Mt x Mt onto the i-th 
factor. Set OMtxAhi'^) '■= ?'iCj\/t(l) ® P2^Mt(l)- Let S C C be the subset given by 

S := {t £ C : Et is OA/txMt(l)-slope-stable and 6t is trivial}. 

Theorem 7.10. The subset Ti is a dense countable subset of C . The intersection ofT, with the 
image of ZD^^ is a dense countable subset of C as well. 

Proof. Let fi : Ai Xc M — t-A^, i = 1,2, be the projections. Let be the projection from 
A4 xcS xcAi onto the flber product of the i-th and j-th factors. The sheaf £xt^^^ {4'i2^^ 4'23^) 
is {ff6~^) • (/1 6*) -twisted of rank r. Hence, the order of the class 6 divides r. Consequently, 
the class 6 lifts to a class 9 G H'^{M.,^r)- Let C C be the subset consisting of points t £ C , 
such that 9t is trivial. We conclude that Cq is countable and dense, by Proposition 17.91 Let 
be the subset of C, consisting of points t where Et is C'AfjxAft(l)-slope-stable. contains 
the point 0, by Theorem 17.41 is a Zariski open subset of C, by [Li], Corollary 2.3.2.11. S 
is the intersection H Cg, which is a dense and countable subset of C. Lieblich's result also 
establishes that ZD^'^ is a Zariski open subset of M. ZD^'^ contains the whole flber Mq, by 
Theorem 17.41 Hence, ZD^^ is a Zariski dense open subset of M. In particular, the image of 
ZD^^ in C contains a Zariski dense open subset of C. □ 

7.4. Proof of the deformability Theorem 11.61 Let n be an integer > 2. Set r := 2n — 2. 

Let S be a K3 surface admitting an ample line bundle H of degree 2r^ + r. Set v := (r, H, r) 
and Ai := M.h{v). Assume that M. is smooth, there exists an untwisted universal sheaf £ over 
S X M, and the reflexive sheaf 



(7.4) 



E:=£xtij7rl,£,7Th£) 
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over X is C'xxM(l)-slope-stable, where OmxmC^) '■= PiOmC^) ^P2^m{'^) and 0711(1) 
corresponds to a Mukai vector 

a(l,0,-l) +6(2r + l,i/,0) G 

via the Mukai isomorphism (|3.3p . for some integers a and b. The existence of such a pair (S, H) 
is proven in Theorem 17. 101 

Theorem 7.11. Let E he the sheaf given in equation (Z^P and X an irreducible holomorphic 
symplectic manifold of KS^'^^-type. Then there exists a parametrized twister path connecting 
Ainiv) and X, along which E can be deformed (in the sense of Definition \6. 

Proof. The proof is by induction on the length of the twistor path. The class i^2{E) is 
Mon(A^H(t;))-invariant, by Proposition 14.21 Let oj' be the Kahler class of C'Al//(t))xA4if(i)) (!)• 
Then E was chosen to be cu'-slope-stable. Hence, E is w-slope-stable, for uj in an open 
neighborhood of lo' in the Kahler cone |HL] . Ch. 4C. The sheaf E is projectively u-siable- 
hyper holomorphic, by Corollary 16.101 and Remark 16.151 We choose w, so that the hyperplane 
oj^ intersects trivially the lattice H^^'^ {M.h{v) ,'^) ■ Then Pic(Xj J is trivial, for a generic ti G P^, 
by ( |Hu| . paragraph 1.17 page 76). There exists a generic parametrized twistor path from Xt^ 
to X, by Theorem 16.111 We get a generic parametrized twistor path from Mh{v) to X. We 
conclude that E deforms along the twistor path 7, by Proposition 16.141 □ 

8. Proof of Lemma [O] 

It suffices to prove the Lemma for every smooth and compact moduli space M. := M.h{v)-, 
for all (v, v) > 2. Let 

u : KtopS H*{M,Q) 
u{x) := ch{ex) • exp 

where is given in (13. ip . and U2i '■ KtopS — ?■ i?^'(A^,Q) the composition of u with the 
projection on the degree 2i-summand. Note that u{v) = K(e„), uo{x) = {v,x), 

U2{x) = ci{ex) - j^^ci{ey), 
{v,v) 

1*2 ("w) = 0, and U2 restricts to and the standard Mukai isomorphism 

Moreover, u is 0~^{KtopS)v equivariant, by Theorem 15.11 and equation (|5.5p . 

Let q G Syra^ KtopS be the Mukai pairing. The following equality is a special case of equation 
(4.8) in [M^ : 

(8.1) C2{TM) = (u2Un2 -2n4Uuo)(g), 

where {u2 U U2 — lu^ U uq) is the homomorphism from KtopS KtopS to H^{^A,Q). 

The orthogonal decomposition {KtopS)Q = Qv + {v-^)q induces the decomposition q = + 

q~ , where we identified with H'^{M,Z), via U2- Equation (|1.2p follows from (18. ip and the 
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following equations 



(8.2) (u4Uno)(g-i) = 0, 

(8.3) {u2Uu2){q'^) = q-\ 

(8.4) {u2Uu2){v(E)v) = 0, 

(8.5) (^^4Uno)(^^) = U4{v) = K2{X). 



Proof of Equation (18. 2|) : U4 U no is 0'*'(i^top5')t,-equivariant, and thus sends the 0~^{KtopS)v- 
invariant class in {v-^ (g) v-^)q to an 0+(ii'topS')„-invariant class in U4{v-^)q. But the image 
U4{v-^) either vanishes, or is an irreducible 0(^Ctop'S')i;-iiiodule isomorphic to v^. Thus, any 
invariant class in U4{v^) vanishes. 

Equations (18. 3p and (18. 5p are clear and Equation (18. 4p follows from the vanishing of U2{v), 
observed above. 

It remains to calculate the dimension of span{q^^ , C2{TX), K2{X)}. The homomorphism 
Sym^F^^^-W^ Q) _^ H^{S^"-\q) is known to be injective |WT] . When n = 2, the homomorphism 
is surjective, by Gottsche's formula for the Betti numbers [Go| . When n = 3, the co-kernel of 
the homomorphism is an irreducible 23-dimensional representation of Mon{S^^^) |Ma2] . Thus, 
the monodromy invariant subspace of -ff^(X, Q) is one dimensional, and is spanned by each of 
the three classes, for X of if3["'l-type, n < 3. 

Assume that n > 4. Then the monodromy invariant subspace of the quotient H^{S^^^ , Q) /Sym^ H^{S^'' 
is one-dimensional and is spanned by the image of each of K2{X) and C2{TX) ([Ma2J, Lemma 
4.9). □ 
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